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We propose a steady-state, ultracoherent laser based on superradiance from a hot atomic beam
traversing an optical cavity. Our design is considerably simpler than existing ultrastable lasers due
to its uncomplicated atomic source and straightforward cavity. Nevertheless, its minimum linewidth
and maximum output power are competitive with the best narrow-linewidth light sources. We show
that, because of atomic phase synchronization, the phase of the output light is robust against
decoherence arising from atomic motion, such as transit time broadening and Doppler broadening.
Additionally, our system is inherently insensitive to effects that limit the best stable lasers, such as
environmental noise and drift. The simplicity and ruggedness of our design make it well suited for
wide laboratory use, operation in challenging environments, and commercialization.
FIG. 1. The superradiant beam laser. The atomic beam is
generated from an effusive source, like a commercial effusion
cell. After emerging from the source (upper right), the atoms
are prepared by pumping lasers (blue arrows) in a metastable
state prior to entering the cavity (lower left). INSET: The
three atomic states needed for the superradiant beam laser to
operate. Atoms are rapidly prepared in the metastable state
|e〉 by pumping (blue) on a broad transition. Lasing (red)
occurs on the long-lived |g〉 ↔ |e〉 transition.
Ultracoherent lasers are the foundation of highly accu-
rate atomic clocks [1, 2], measurements of fundamental
constant variation [3, 4], novel tests of relativity [5, 6],
dark matter searches [7], and more. These lasers also
have applications in global positioning [8], deep space
navigation [9], and geophysical technology [10]. Tradi-
tionally, ultracoherent lasers are achieved by stabilizing
a laser frequency to the length of an optical cavity [11].
These systems are limited by cavity resonance fluctua-
tions due to noise in the cavity length, which can be sup-
pressed to the 10−18 m level in leading platforms [12]. At
present the best cavity stabilized lasers realize linewidths
of the order of 10 mHz [12].
In spite of this incredible performance, cutting edge
ultrastable lasers are fragile and can only operate in con-
trolled laboratory environments. However, applications
such as atomic clock relativistic geodesy and clock-based
gravitational wave detection require rugged stable lasers
that can be taken into the field [6, 13]. Furthermore,
simpler and more durable approaches to ultracoherent
lasers would result in broader adoption in research and
industry.
Among the few alternative schemes for generating nar-
row linewidth light [14], superradiant lasers have at-
tracted considerable attention [15–24]. This platform re-
lies on coupling between an optical cavity and narrow
resonances in atoms, molecules, or nuclei to generate
extremely phase-stable laser light; however, to date a
continuous-wave (CW) superradiant laser has not been
demonstrated. The difficulty with these designs is that
they are based on ultracold atoms, which are challenging
to generate in a continuous beam, require complicated
apparatuses, and are prone to heating and loss. Also,
their output power is quite weak, which could limit prac-
tical usefulness as a frequency reference [16].
In this Letter, we propose a new type of superradi-
ant laser based on a simple atomic source, namely a hot
atomic beam produced by an effusive oven. Although
atomic resonance widths in hot beam experiments are
typically limited by Doppler and transit time broaden-
ing, we find that atom-cavity interactions can overcome
these effects by synchronizing the phases of individual
dipoles. The result is a CW light source of extreme co-
herence and ample output power. We demonstrate these
effects by developing a semiclassical description of atomic
motion and derive the threshold conditions for superra-
diant emission. We also show that, remarkably, the laser
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2linewidth is inherently robust against vibration and ther-
mal noise sources, which fundamentally limit all cavity-
stabilized lasers.
Our system consists of a dense atomic beam travel-
ling through an optical cavity. We consider the case of
all atoms having a uniform velocity in the x direction
(Fig. 1). In this work, we discuss the examples of 40Ca
and 88Sr, but our results apply equally well to many other
species. The mean intracavity atom number is N ≡ Φτ
in steady state, where Φ is the number of atoms transit-
ing the cavity mode per unit time, and τ is the transit
time. The atoms in the beam are described by dipoles
that are pumped into a metastable state (Fig. 1) before
entering the cavity. The dipole transition frequency ωa
is taken to be near resonant with the frequency ωc of
a single cavity mode, where coupling of the dipoles and
cavity is described by the Tavis-Cummings Hamiltonian
Hˆ(t) = (~g/2)
∑
j η(xj(t))(σˆ
+
j aˆ+ aˆ
†σˆ−j ). Here, the sum-
mation runs over all atoms in the beam, η(xj(t)) is a cav-
ity mode function evaluated at position xj(t) of atom j
at time t, and g is the vacuum Rabi frequency at a cav-
ity antinode. Furthermore, the atomic dipole raising and
lowering operators are σˆ+j =
(
σˆ−j
)†
= |e〉j〈g|j , where
|g〉 and |e〉 are the atomic ground and excited states,
respectively, and the photon annihilation and creation
operators of the cavity field mode are aˆ and aˆ†. Besides
this Hamiltonian that couples the atoms and cavity, our
model includes photon loss through a cavity mirror with
rate κ.
We consider the bad cavity regime, which occurs when
κ is much larger than the transit time broadening 1/τ ,
the collective coupling
√
Ng, and the Doppler width
δD = k∆vz. Here k = 2pi/λ, λ is the optical wave-
length, and ∆vz is the single-atom velocity width along
the cavity axis. In this regime, the light field is rigidly
anchored to the collective atomic dipole, so that the cav-
ity degrees of freedom can be adiabatically eliminated
as aˆ ≈ −igJˆ−/κ. The operator Jˆ− = ∑j η(xj)σˆ−j is
the collective dipole, which is the sum of the individual
atomic dipoles interacting with the cavity mode. New
atomic dipoles entering the cavity synchronize with the
existing collective dipole due to the atom-cavity interac-
tion. Since there is a large number of atoms in the cavity
mode, the true operator equations are well approximated
by stochastic differential equations for their complex am-
plitude equivalents [25];
dsxj
dt
=
Γc
2
ηj
(J xszj − ηjsxj (szj + 1))−√Γcηjszjξp, (1)
dsyj
dt
=
Γc
2
ηj
(J yszj − ηjsyj (szj + 1))+√Γcηjszjξq, (2)
dszj
dt
= −Γc
2
ηj
(
J xsxj + J ysyj − ηj
((
sxj
)2
+
(
syj
)2))
− Γcη2j (szj + 1) +
√
Γcηj
(
sxj ξ
p − syj ξq
)
. (3)
Here sxj , s
y
j , and s
z
j are the c-number pseudo-spin vari-
ables that correspond to σˆxj = σˆ
−
j + σˆ
+
j , σˆ
y
j = i(σˆ
−
j − σˆ+j ),
and σˆzj = σˆ
+
j σˆ
−
j − σˆ−j σˆ+j . Similarly, J x and J y represent
the operators Jˆx = Jˆ− + Jˆ+ and Jˆy = i(Jˆ− − Jˆ+). We
have defined Γc = Cγ, where C = g2/(κγ) is the cavity
cooperativity and γ is the free-space spontaneous emis-
sion rate. We use the shorthand ηj = η(xj(t)) and model
the cavity mode by η(x) = [Θ(x+w)−Θ(x−w)] cos(kz),
where Θ(x) is the Heaviside step function and w is the
cavity beam waist. Along the cavity axis, the atoms
are randomly assigned a velocity drawn from a Maxwell-
Boltzmann distribution at a given temperature. Cavity
shot noise is denoted by the stochastic noise variables ξq
and ξp, which have zero mean and are delta-correlated
as 〈ξa(t)ξb(t′)〉 = δabδ(t − t′), a, b ∈ {q, p}. Each atom
enters the cavity with szj = 1, and projection noise is in-
cluded by choosing random (and independent) values +1
or −1 for sxj and syj [25, 26].
Typically, resonance widths in hot gases of atoms are
dominated by Doppler broadening. However, in our sys-
tem, the linewidth can be orders of magnitude smaller
than δD and 1/τ when the collective linewidth NΓc is
greater than these broadening mechanisms. The col-
lective linewidth NΓc is the rate for an atom to spon-
taneously emit into the cavity in the presence of other
atoms. The principal features of this model can be ob-
tained by dropping the noise terms in Eqs. (1)-(3), corre-
sponding to a mean-field solution that is simple enough
to be solved analytically and allows us to classify dif-
ferent phases of emission. The form of the solution for
the laser linewidth ∆ω is determined by two indepen-
dent parameters, the first being δD and the second be-
ing Φτ2Γc = τ/(NΓc)
−1, which is the number of collec-
tive lifetimes that elapse during τ . In general, we ob-
serve a phase transition from broad linewidth emission
to superradiant emission with an ultranarrow linewidth
(Fig. 2a) [25]. Specifically, for large δDτ , the transition
threshold is governed by the Doppler width, whereas for
small δDτ , transit time broadening determines the regime
of superradiant emission. The latter is evident because
there is no superradiant emission for Φτ2Γc < 8 even
in the absence of Doppler broadening (δDτ  1). This
is because unsynchronized atoms are introduced to the
cavity so rapidly that the collective dipole does not es-
tablish.
The mean-field analysis predicts an unphysical zero
linewidth in the superradiant regime because it neglects
quantum noise. In reality, vacuum fluctuations enter-
ing the cavity and quantum fluctuations in the atomic
dipole components cause phase diffusion, resulting in a
non-vanishing linewidth. To determine this linewidth
we simulate Eqs. (1)-(3) with noise terms included for
Φτ2Γc = 20. The mean-field theory and c-number sim-
ulations agree outside the superradiant regime, whereas
inside the superradiant regime only the c-number simu-
lations predict a non-vanishing linewidth. Here the min-
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FIG. 2. (a) Mean-field calculations of the linewidth in units of the transit time broadening 1/τ , as a function of the Doppler
width δDτ and Φτ
2Γc. Here Φτ
2Γc is the number of collective lifetimes that elapse during the transit time τ . The black
dashed line is the phase transition threshold for steady-state superradiance, above which mean-field calculations predict a zero
linewidth. (b) The linewidth in units of Γc as a function of the Doppler width for Φτ
2Γc = 20. The markers are simulation
results using Eqs. (1)-(3) with Φ = 1000/τ and Γc = 0.02/τ . For every data point, we calculated 100 trajectories each with
a simulation time of T = 2000τ . INSET: Below the phase transition, simulations show an ultranarrow linewidth of order Γc,
which is 50 times smaller than transit time broadening for these simulation parameters. (c) Simulation results of the linewidth
in units of Γc as a function of Φτ
2Γc. For every data point, we calculated 100 trajectories each with a simulation time of
T = 200τ and Φ = 500/τ .
imum achievable linewidth is Γc (Fig. 2b inset), which
is much smaller than 1/τ , implying that our system is
robust against single-atom transit time broadening. In
other words, the collective atomic dipole stores the opti-
cal phase for much longer than the time any individual
atom spends in the cavity.
To see how the minimum linewidth in the superradi-
ant phase varies with δD, we run simulations with three
Doppler widths (Fig. 2c). For δDτ = pi, the linewidth can
be brought down to several Γc, and for δDτ = 0.2pi, the
linewidth is Γc. These numbers elucidate that narrow-
linewidth superradiant emission occurs when the atoms
are flying through the cavity so quickly that they move
less than λ/2 along the cavity axis during τ .
To understand the scale of these quantities, we evalu-
ate numerical values for the 3P1 → 1S0, γ = 2pi× 400 Hz
transition in 40Ca. We take the velocity in the x direc-
tion to be that of Ca atoms from an effusion cell op-
erating at ∼ 800 ◦C. We also consider the case where
Φ ∼ 1014 atoms/s and the atomic beam is laser cooled
in the transverse direction to ∆vz ' 0.41 m/s, corre-
sponding to the δDτ = pi curve in Fig. 2c. Consider-
ing a simple cavity with straightforward dimensions (a
finesse of 20, a cavity length of 3 cm, and beam waist
w = 300µm), we calculated a minimum linewidth of or-
der 10 mHz [25], competitive with the best stable lasers
to date [27]. A similar analysis based on the 88Sr in-
tercombination transition yields a minimum linewidth of
order 100 mHz [25]. Therefore, ultracoherent light can
be extracted from a hot atomic beam with a significant
Doppler width, which implies that ultracold atoms may
not be required to achieve narrow linewidth superradiant
laser emission.
We now turn our attention to the laser output power P .
FIG. 3. The output power of the superradiant beam laser.
The markers are c-number simulation results. For every data
point, we calculated 100 trajectories each with a simulation
time of T = 200τ and Φ = 500/τ . For δDτ = 0.2pi, both the
mean-field and simulation results peak at Φτ2Γc ≈ 20 with
P = 0.7~ωΦ.
While individual atoms would rarely emit into the cavity
mode during their passage, the emission rate is greatly
enhanced by collective effects. This enhanced rate leads
to aN2 power scaling [16, 25, 28], which is a principal fea-
ture of superradiant emission. Determining P from both
the mean-field and c-number simulation approaches, we
find good agreement between the two when δDτ is com-
parable to (or below) 0.2pi (Fig. 3). For Doppler widths
in this regime and for Φτ2Γc = 2pi
2 ≈ 20, P achieves
its maximum value of 0.7~ωΦ, where ω is the center fre-
quency of the output field. Physically this corresponds
to each atom emitting an average of 0.7 photons into the
cavity mode. Furthermore, we find that the emitted light
is second-order coherent by calculating g(2)(0) ≈ 1 (as
shown in the Supplementary material [25]). Together,
Fig. 2c and Fig. 3 show that the maximum power and
a linewidth of order Γc can be simultaneously achieved
4when Φτ2Γc ≈ 20 and δDτ . 0.2pi.
For the 40Ca example mentioned above, we find that
P ≈ 0.1 mW at a linewidth of 40 mHz. For 88Sr,
P = 2.5µW at a linewidth of 150 mHz. Significantly,
these powers should be sufficient for use with standard
laser technology. In contrast the previously considered
cold atom version of the superradiant laser has orders of
magnitude weaker power, restricting its use to specialized
equipment [16]. The power P is greater in the superra-
diant beam laser because it has the potential for a much
larger intracavity atom number than cold atom systems,
where particle numbers have been limited by intrinsic
inefficiencies in ultracold gas preparation techniques.
In addition to its relatively large output power and
insensitivity to Doppler and transit time broadening,
this design is robust against environmental noise. This
noise causes cavity length fluctuations, which mani-
fest as cavity resonance frequency noise that domi-
nates the linewidths of cavity-stabilized narrow-linewidth
lasers [29]. For these lasers, the frequency noise on the
laser output field is equal to the environmental noise in
the cavity resonance frequency. However, in a superra-
diant laser, phase information is stored primarily in the
atomic medium, which makes the phase rigid against cav-
ity resonance fluctuations; therefore, these fluctuations
are written onto the laser output frequency with a strong
suppression factor. This factor is the cavity pulling co-
efficient [17], defined as ℘ = (ω − ωa)/(ωc − ωa), which
is the fractional change in the laser frequency when the
cavity resonance fluctuates with respect to the atomic
transition. Using mean-field theory, we analytically find
that ℘ ∝ 1/(κτ), which is the ratio of the cavity photon
lifetime to the atom transit time. A value of κτ = 1000
can be achieved with standard optics [25], resulting in
℘ ≈ 0.004 for Φτ2Γc = 20 (see Fig. 4).
This small ℘ makes our design robust against envi-
ronmental noise sources that limit linewidths of cavity-
stabilized lasers. The most common examples are vi-
bration noise, thermal Brownian noise, and slow drift in
the cavity length [25]. The response of cavity resonance
frequency to vibration noise is characterized by the accel-
eration sensitivity K. For the superradiant beam laser,
the laser output frequency has an effective acceleration
sensitivity ℘K. If our design uses a simple V-block cav-
ity with no regard for the vibration isolation found in
cutting-edge stable lasers, it would have an acceleration
sensitivity of ℘K ∼ 10−13/(m/s2) [25]. Meanwhile, the
acceleration sensitivity of the best cavity-stabilized laser
to date is of the same order, i.e. K ∼ 10−13/(m/s2) [12].
Thermal Brownian noise causes cavity resonance fluc-
tuations that scale as 1/L, where L is the cavity length.
To suppress this effect, stabilization cavities have been
made as long as half a meter [30]. For the superradiant
beam laser, the amplitude of thermal noise behaves ac-
cording to the effective cavity length L/℘. This means
that the output frequency of a beam laser based on a
FIG. 4. The cavity pulling coefficient ℘ at δDτ = 0.2pi. A
small cavity pulling makes the laser frequency insensitive to
environmental noise, such as vibrations. The markers are c-
number simulation results with κ = 1000/τ and ωc − ωa =
100/τ . For every data point, we calculated 100 trajectories
each with a simulation time of T = 100τ . As N increases, the
simulation results approach the mean-field calculation.
compact L = 3 cm cavity has the thermal noise of a
7.5 m cavity. Furthermore, slow thermal drift is a prac-
tical challenge for cavity-stabilized lasers. The superra-
diant beam laser has an effective coefficient of thermal
expansion (CTE) of ℘α, where α is the CTE of the bare
cavity. This means that a beam laser based on Invar (an
inexpensive and easy-to-machine material) with modest
temperature control would have a lower drift rate than an
ultrastable cavity based on highly temperature-stabilized
ultralow expansion glass [25].
To realize a superradiant beam laser, one must choose
the beam flux, effusive oven design, and cavity parame-
ters to ensure Φτ2Γc > 8 and δDτ < pi. For very narrow
linewidths, it may be necessary to reduce δD by trans-
verse laser cooling the atomic beam. Furthermore, to
realize a given linewidth, cavity pulling must be kept
small enough to prevent excessive broadening from en-
vironmental noise. If cavity pulling remains minuscule,
the linewidth can be narrowed by decreasing the cavity
finesse and increasing Φ; however, the trade-off is that in
the limit of extremely small cavity finesse, the laser power
vanishes as atoms radiate appreciably into other modes.
We note that if the atomic beam is aggressively cooled
such that δD is comparable to the recoil frequency, then
optomechanical effects are required to model the beam
laser correctly [31].
Superradiant lasers based on cold atoms have achieved
impressive results, but parasitic heating from atomic re-
pumping has so far limited these systems to pulsed op-
eration [20]. The beam laser design avoids the heating
problem since pumping is performed outside the cavity
(Fig. 1). Therefore, the beam laser configuration may
be a more promising approach for realizing a CW su-
perradiant laser. Furthermore, our design could conceiv-
ably be made simpler and less fragile than cold-atom or
cavity-stabilized systems. For this reason, the superradi-
5ant beam laser may be well suited to operate in accelerat-
ing frames, making this design potentially useful for space
technology, inertial sensors, geodesy, field-based magne-
tometry, and astrophysical measurements. We hope that
our design will make ultracoherent lasers, which are cur-
rently limited to a handful of specialized labs, ubiquitous
in quantum science.
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S 1. THEORETICAL AND NUMERICAL DESCRIPTION OF THE BEAM LASER
In this section we provide the foundations for the theoretical description of the beam laser system. We will apply
this description to derive the c-number Langevin equations that are used to simulate the dynamics of the atoms. In
the end of this section we also discuss how we numerically find the linewidth ∆ω, the output power P , and the pulling
coefficient ℘ that are visible in Fig. 2b–c, Fig. 3, and Fig. 4 of the main text.
S 1.1. Quantum mechanical description of the beam laser
The coherent dynamics of atoms coupled to a single cavity mode is governed by the Hamiltonian
Hˆ ≡ ~∆aˆ†aˆ+ ~g
2
∑
j
η(xj)
(
σˆ+j aˆ+ aˆ
†σˆ−j
)
, (S1)
reported in the interaction picture rotating with the frequency of the atomic transition. Here, aˆ† and aˆ are field
creation and annihilation operators and σˆ+j =
(
σˆ−j
)†
= |e〉j〈g|j are raising and lowering operators of the jth atomic
dipole with electronic excited state |e〉j and ground state |g〉j . The frequency ∆ = ωc − ωa is the detuning between
the resonance frequency ωc of the cavity mode and the atomic transition frequency ωa. We define g to be the vacuum
Rabi frequency at a cavity antinode, and η(x) to be a cavity mode function evaluated at position x. We ignore the
effect of optomechanical forces on the atom during the transit time τ . This is justified if the atomic momentum width
exceeds the momentum exchange of the atoms with the cavity field during τ . Consequently, we assume that the atoms
move ballistically through the cavity, i.e.,
dxj
dt
=
pj
m
, (S2)
where m is the atomic mass, xj(t) is the position of atom j, and pj is the constant momentum of atom j.
Besides the coherent effects established by the Hamiltonian in Eq. (S1), we also include cavity photon losses with
rate κ [S15]. These give rise to dissipation and noise in the coupled atom-cavity dynamics. These effects are described
by quantum Langevin equations (QLEs) [S2] that read
daˆ
dt
= −
(κ
2
+ i∆
)
aˆ− ig
2
Jˆ− −√κξˆ, (S3)
daˆ†
dt
= −
(κ
2
− i∆
)
aˆ† +
ig
2
Jˆ+ −√κξˆ†, (S4)
dσˆ−j
dt
=
ig
2
ηj σˆ
z
j aˆ, (S5)
dσˆ+j
dt
= − ig
2
ηj aˆ
†σˆzj , (S6)
dσˆzj
dt
= igηj
(
aˆ†σˆ−j − σˆ+j aˆ
)
, (S7)
where we have introduced the collective dipole
Jˆ± ≡
∑
j
ηj σˆ
±
j , (S8)
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2and ηj ≡ η(xj). Furthermore we have defined σˆzj = σˆ+j σˆ−j − σˆ−j σˆ+j and the noise operators ξˆ and ξˆ† that satisfy the
correlations 〈ξˆ(t)ξˆ†(t′)〉 = δ(t− t′) and 〈ξˆ(t)ξˆ(t′)〉 = 〈ξˆ†(t)ξˆ†(t′)〉 = 〈ξˆ†(t)ξˆ(t′)〉 = 0.
As we refer to in the main text, we analyze the coupled dynamics between the atoms and cavity in the bad cavity
limit where κ {1/τ,√Ng, δD}. Here, N is the intracavity atom number and δD is the Doppler width of the atomic
beam in the direction of the cavity axis. In this limit the cavity degrees of freedom evolve much faster than the atomic
degrees of freedom and can therefore be adiabatically eliminated. This elimination relies on a coarse graining ∆t in
time, where ∆t is much longer than the cavity relaxation time but much shorter than the typical relaxation time of
the atomic degrees of freedom. On this timescale, the field operator aˆ can be approximated by
aˆ ≈ − (Γ∆ + iΓc)
g
Jˆ− − (Γc − iΓ∆)
g
2√
Γ0
ξˆeff , (S9)
where
Γc ≡ g
2κ/4
κ2/4 + ∆2
, Γ∆ ≡ g
2∆/2
κ2/4 + ∆2
, Γ0 ≡ g
2
κ
. (S10)
We have introduced effective noise variables ξˆeff and ξˆ
†
eff that are δ-correlated on the coarse-grained timescale and
fulfill 〈ξˆeff(t)ξˆ†eff(t′)〉 = δ(t− t′) and 〈ξˆeff(t)ξˆeff(t′)〉 = 〈ξˆ†eff(t)ξˆ†eff(t′)〉 = 〈ξˆ†eff(t)ξˆeff(t′)〉 = 0.
Using Eq. (S9), the resulting dynamics of the atomic variables are described by the equations
dσˆ−j
dt
=
1
2
(Γc − iΓ∆) ηj σˆzj Jˆ− − (Γ∆ + iΓc)
ηj√
Γ0
σˆzj ξˆeff , (S11)
dσˆ+j
dt
=
1
2
(Γc + iΓ∆) ηj Jˆ
+σˆzj − (Γ∆ − iΓc)
ηj√
Γ0
ξˆ†eff σˆ
z
j , (S12)
dσˆzj
dt
=− (Γc + iΓ∆) ηj Jˆ+σˆ−j − (Γc − iΓ∆) ηj σˆ+j Jˆ−
+ (Γ∆ − iΓc) 2ηj√
Γ0
ξˆ†eff σˆ
−
j + (Γ∆ + iΓc)
2ηj√
Γ0
σˆ+j ξˆeff . (S13)
S 1.2. Derivation and simulation of the c-number Langevin equations
Equations (S11)–(S13) describe the full quantum dynamics of the atomic variables when the cavity degrees can be
eliminated. However, these equations are in general impossible to solve and hence we derive a semiclassical description
of the atomic variables that allows the system to be tractable. This semiclassical description relies on the simulation
of c-numbers for the dipole components of the atoms traversing the cavity.
In order to derive the c-number semiclassical equations, we first introduce the Hermitian operators(
σˆx
σˆy
)
≡ R
(
σˆ+
σˆ−
)
,
(
ξˆq
ξˆp
)
≡ R
(
ξˆ†eff
ξˆeff
)
, (S14)
where R =
(
1 1
−i i
)
. These Hermitian operators are observables, and in particular (σˆxj , σˆ
y
j , σˆ
z
j ) is the quantum dipole
of the atom indexed by j. Using the definitions in Eq. (S14) we rewrite Eqs. (S11)–(S13) and obtain
dσˆxj
dt
=
Γc
2
ηj
∑
k 6=j
ηkσˆ
x
k σˆ
z
j − ηj σˆxj
− Γ∆
2
ηj
∑
k 6=j
ηkσˆ
y
k σˆ
z
j − ηj σˆyj
− ηj√
Γ0
σˆzj
(
Γcξˆ
p + Γ∆ξˆ
q
)
, (S15)
dσˆyj
dt
=
Γc
2
ηj
∑
k 6=j
ηkσˆ
y
k σˆ
z
j − ηj σˆyj
+ Γ∆
2
ηj
∑
k 6=j
ηkσˆ
x
k σˆ
z
j − ηj σˆxj
+ ηj√
Γ0
σˆzj
(
Γcξˆ
q − Γ∆ξˆp
)
, (S16)
dσˆzj
dt
= −Γcη2j
(
σˆzj + 1
)− Γc
2
ηj
∑
k 6=j
ηk
(
σˆxk σˆ
x
j + σˆ
y
k σˆ
y
j
)
+
Γ∆
2
ηj
∑
k 6=j
ηk
(
σˆyk σˆ
x
j − σˆxk σˆyj
)
+
ηj√
Γ0
(
Γc
(
σˆxj ξˆ
p − σˆyj ξˆq
)
+ Γ∆
(
σˆxj ξˆ
q + σˆyj ξˆ
p
))
. (S17)
3We now perform the c-number approximation for the Hermitian quantum operators [S3] that relies on the following
replacements σˆµj → sµj , µ ∈ {x, y, z} and ξˆν → ξν , ν ∈ {q, p}, where sµj is the classical dipole component of atom
j and ξν are classical noise processes with 〈ξν(t)ξµ(t′)〉 = δµνδ(t − t′). The c-number equations are derived by first
performing a symmetric ordering of the operators in Eqs. (S15)–(S17) and then exchanging the quantum variables by
their corresponding c-number [S4] equivalents. This leads to the c-number Langevin equations
dsxj
dt
=
Γc
2
ηj
(J xszj − ηjsxj (szj + 1))− Γ∆2 ηj (J yszj − ηjsyj (szj + 1))− Γc√Γ0 ηjszjξp − Γ∆√Γ0 ηjszjξq, (S18)
dsyj
dt
=
Γc
2
ηj
(J yszj − ηjsyj (szj + 1))+ Γ∆2 ηj (J xszj − ηjsxj (szj + 1))+ Γc√Γ0 ηjszjξq − Γ∆√Γ0 ηjszjξp, (S19)
dszj
dt
= −Γcη2j (szj + 1)−
Γc
2
ηj
(
J xsxj + J ysyj − ηj
((
sxj
)2
+
(
syj
)2))
+
Γ∆
2
ηj
(J ysxj − J xsyj )
+
Γc√
Γ0
ηj
(
sxj ξ
p − syj ξq
)
+
Γ∆√
Γ0
ηj
(
sxj ξ
q + syj ξ
p
)
, (S20)
where
J x =
∑
j
ηjs
x
j , J y =
∑
j
ηjs
y
j (S21)
are c-number values for the collective dipole components.
For the results that are shown in the main text we have numerically integrated Eqs. (S18)–(S20). Specifically, for
the resonant case ∆ = 0, we obtain Eqs. (1)–(3) of the main text.
When running the c-number simulations, we use a Monte Carlo method by initializing and running many trajectories
of the time series of position variables xj and dipole variables s
µ
j , µ ∈ {x, y, z}. We define the phase space as x = (x, z)
and p = (px, pz), with the z-direction aligned along the cavity axis and the x-direction aligned along the direction of
the atomic beam (see Fig. 1 in the main text). For simplicity, we consider an explicit form of η(x)
η(x) = cos(kz) [Θ(x+ w)−Θ(x− w)] , (S22)
where w is the cavity beam waist, k = 2pi/λ is the wavenumber, and λ is the wavelength of the cavity mode. In
each trajectory, for atom j that enters the cavity, we initialize the positions by taking xj = −w, and sampling zj
from a uniform distribution with a range of λ. Here we impose a periodic boundary condition in the z-direction,
which is valid when the radius of the atomic beam is much larger than λ. We initialize the momentum by taking
px,j/m ≡ 2w/τ , and randomly sampling pz,j from a Maxwell-Boltzmann distribution at a given temperature. Since
atoms undergo ballistic motion as shown in Eq. (S2), px,j and pz,j are constant for each trajectory. At each timestep
δt = τ/N , precisely one atom enters the cavity, and any atom that has accumulated a time τ inside the cavity leaves.
Consequently, after τ , the intracavity atom number becomes stationary, i.e. N ≡ Φτ .
The dipole variables are initialized in the following way [S3]: in each trajectory, for atom j entering the cavity,
we randomly choose sxj and s
y
j to be ±1 with equal probability, and szj as 1. This ensures that the correct second
moments of the c-number variables are retrieved according to those of the symmetric ordered second moments of the
quantum operators, i.e. 〈sµj 〉 = 〈σˆµj 〉, 〈sxj syj 〉 = 〈{σˆxj σˆyj }sym〉 = 0, 〈(sxi )2〉 = 〈(syi )2〉 = 〈(σˆxi )2〉 = 〈(σˆyi )2〉 = 1, etc.
Here, the average 〈 · 〉 applied to c-numbers represents the trajectory average over different possible initializations and
sampled values of the the stochastic noises ξq and ξp, and {·}sym is the symmetric ordering of the operators inside.
S 1.3. Numerical calculation of the linewidth, the output power, and the pulling coefficient
We will now explain how we numerically calculated the linewidth ∆ω in Fig. 2b–c, the laser output power P in
Fig. 3, and the pulling coefficient ℘ in Fig. 4 from c-number simulations. The linewidths shown in Fig. 2b–c of the
main text were extracted from fits to the real part of the first-order two-time correlation function g(1) defined as
g(1)(t, t′) =
〈
aˆ†(t+ t′)aˆ(t′)
〉 ∝ 〈Jˆ+(t+ t′)Jˆ−(t′)〉 , (S23)
where the cavity field is adiabatically eliminated as in Eq. (S9) and t′ is some time after the system reaches steady
state. For the actual calculation we first use our c-number simulations to derive
Re[g(1)(t, t′)] ∝ 〈J x(t+ t′)J x(t′)〉+ 〈J y(t+ t′)J y(t′)〉 , (S24)
4After that we average over different times t′ to obtain g¯(1)(t) =
〈
Re[g(1)(t, t′)]
〉
t′ , where 〈 . 〉t′ the time average. We
fit the result g¯(1)(t) to a function of form F (t) = C1e
−C2t cosC3t and thereby derive fitting parameters C1, C2, and
C3. The linewidth of the light field is
∆ω = 2C2. (S25)
For the resonant case, ∆ = 0, shown in Fig. 2c, we observe C3 = 0 for all data points except when Φτ
2Γc & 40 for
the δDτ = 2pi curve. For these parameters we observe oscillations in g¯
(1) resulting in a non-vanishing C3. Here we
anticipate that the system will be in an unstable region of parameter space.
For the non-resonant case, ∆ 6= 0, with δDτ = 0.2pi, we also observe oscillations in g¯(1) and therefore obtain C3 6= 0.
The reason for this is that the frequency of the output field ω is slightly pulled towards ωc and therefore not in perfect
resonance with ωa. By appropriately scaling C3, this allows us to extract the pulling coefficient shown in Fig. 4 of the
main text by means of
℘ =
C3
∆
. (S26)
The values of output power shown in Fig. 3 of the main text were calculated from
P = ~ωκ
∫ T
t0
dt
〈aˆ†(t)aˆ(t)〉
T − t0 ≈
~ωΓc
4
∫ T
t0
dt
〈
(J x(t))2 + (J y(t))2
〉
T − t0 , (S27)
where we performed a time average over the interval [t0, T ]. Here, t0 is a time after which the system has reached
steady state and T is the total simulation time of the c-number Langevin equations.
S 2. MEAN-FIELD ANALYSIS
In this section we derive and analyze a mean-field description of Eqs. (S18)–(S20). Our mean field model uses a
classical phase-space density for the dipoles
sµ(x,p, t) =
∑
j
sµj δ(x− xj)δ(p− pj), µ ∈ {x, y, z}, (S28)
where we use x = (x, z) and p = (px, pz).
In the limit N  1, we derive the equations of motion for the average densities 〈sx〉, where we factorize second
moments and discard noise contributions. Using Eq. (S2) and Eqs. (S18)–(S20) for the resonant case ∆ = 0, we find
∂〈sx〉
∂t
+
p
m
· ∇x〈sx〉 =Γc
2
η(x)〈Jx〉〈sz〉, (S29)
∂〈sy〉
∂t
+
p
m
· ∇x〈sy〉 =Γc
2
η(x)〈Jy〉〈sz〉, (S30)
∂〈sz〉
∂t
+
p
m
· ∇x〈sz〉 =− Γc
2
η(x) [〈Jx〉〈sx〉+ 〈Jy〉〈sy〉] , (S31)
with the collective dipole components defined as
Jµ(t) =
∫
dxdpη(x)sµ(x,p, t), µ ∈ {x, y}. (S32)
Here, we have introduced the gradient ∇x = (∂x, ∂z) and the integration in phase space is defined as
∫
dxdpf(x,p) =∫ w
−w dx
∫ λ
0
dz
∫∞
0
dpx
∫∞
−∞ dpzf(x, z, px, pz) for any function f(x,p) = f(x, z, px, pz).
With η(x) defined in Eq. (S22), the boundary conditions for Eqs. (S29)–(S31) are
〈sx(x = −w, z, px, pz)〉 =0, (S33)
〈sy(x = −w, z, px, pz)〉 =0, (S34)
〈sz(x = −w, z, px, pz)〉 =ρ(p), (S35)
5for the density of atoms that enter the cavity. We consider the case of a spatially homogeneous phase-space density
of atoms entering the cavity given by
ρ(p) =
N
2wλ
√
β
2mpi
e−β
p2z
2m δ
(
px −m2w
τ
)
. (S36)
This density assumes no broadening in the velocity vx = px/m perpendicular to the cavity axis. Furthermore,
we have introduced the inverse temperature β in the direction of the cavity axis that determines the Doppler width
δD = k/
√
mβ. The density is normalized according to the number of atoms inside of the cavity
N =
∫
dxdpρ(p). (S37)
S 2.1. The non-superradiant regime
In this subsection we investigate the non-superradiant atomic beam configuration and its stability. This stability
analysis is used to derive the mean-field linewidth that is visible in Fig. 2(a–b) of the main text. The non-superradiant
phase is a stationary solution of Eqs. (S29)–(S31) given by 〈sx〉 = 0 = 〈sy〉, implying a vanishing mean-field value
of the collective dipoles 〈Jx〉 = 0 = 〈Jy〉. In this non-superradiant regime the atoms travel through the cavity and
remain in the excited state
〈sz(x, z, px, pz)〉 =ρ(p). (S38)
Although this is a stationary solution it is in general not stable. In order to determine the stability of this state we
have to derive a linear response theory for small fluctuations δsm = sm − 〈sm〉 that relies on dropping second order
terms in δsm. In this case the dynamics of δsx and δsy are equivalent and decoupled and hence we can focus on the
dynamics of δsx. The linearized equation for δsx is given by
∂δsx
∂t
+
p
m
· ∇xδsx =Γc
2
η(x)ρ(p)δJx, (S39)
where δJx(t) =
∫
dxdp η(x)δsx(x,p, t). Using the Laplace transform
L[f ](ν) =
∫ ∞
0
e−νtf(t)dt, (S40)
we get
νL[δsx] +
p
m
· ∇xL[δsx] = δsx(0) + Γc
2
η(x)ρ(p)L[δJx], (S41)
where δsx(0) = δsx(x,p, 0) is an initial condition. Solving this equation formally for L[δsx], then multiplying by η(x)
and integrating over phase space we find
L[δJx] =
∫
dxdp
∫∞
0
dt e−νtη(x + pm t)δsx(x,p, 0)
1− Γc2
∫
dxdp
∫∞
0
dt e−νtη(x + pm t)η(x)ρ(p)
. (S42)
The long-time behavior of δJx(t) ∝ eν0t is governed by the exponent ν0 that is the zero of the dispersion function
D(ν) =1− Γc
2
∫
dxdp
∫ ∞
0
dt e−νtη
(
x +
p
m
t
)
η(x)ρ(p), (S43)
with the largest real part. If the real part of this exponent is negative, Re(ν0) < 0, the non-superradiant state is
stable and fluctuations decay with the exponent ν0. In that case it determines the longest relaxation time and the
linewidth of the emitted light.
With the choice of Eq. (S22) and Eq. (S36), we can explicitly derive the following form of the dispersion relation
D(ν) =1 +
Φτ2Γc
4
1− e− δ
2
Dτ
2+2ντ
2
δ2Dτ
2
− Φτ
2Γc
4
√
pi
2δ2Dτ
2
e
ν2
2δ2
D
(
1 +
ντ
δ2Dτ
2
)[
erf
(
ν + δ2Dτ√
2δ2D
)
− erf
(
ν√
2δ2D
)]
, (S44)
6where erf( . ) is the error function [S5]. We find the roots ν0 of Eq. (S44) with the largest real part numerically for
different values of Φτ2Γc and δDτ . In Fig. 2a of the main text we show the linewidth Γ given by Γ = max{−2Re(ν0), 0}
and plotted as contour plot.
If Re(ν0) becomes positive the non-superradiant regime is unstable and Re(ν0) determines the timescale for the build
up of macroscopic coherence in the atomic dipoles. Assuming that the system will reach a stationary superradiant
configuration we will determine this stationary state in the following subsection.
S 2.2. Superradiant configuration
The purpose of this subsection is the mean-field description of the superradiant phase. With this description we are
able to predict a stationary output power of the laser that is visible in Fig. 3 of the main text. In the superradiant
phase the system will spontaneously choose a phase of the dipole. We will assume that without loss of generality this
phase is zero. Therefore, we assume that we obtain Jst ≡ 〈Jx〉 6= 0 and 〈Jy〉 = 0 in the mean-field stationary state.
We want to remark that in the mean-field description 〈Jx〉 6= 0 and 〈Jy〉 = 0 is stationary on arbitrary timescales,
therefore the mean-field treatment predicts a zero linewidth in the superradiant phase.
In order to derive the actual form of the superradiant stationary state we first need to solve
p
m
· ∇x〈sx〉 =Γc
2
η(x)〈sz〉Jst, (S45)
p
m
· ∇x〈sz〉 =− Γc
2
η(x)〈sx〉Jst. (S46)
The solution of these coupled differential equation can be parameterized by
〈sx〉 = ρ(p) sin(K(x,p)), (S47)
〈sz〉 = ρ(p) cos(K(x,p)), (S48)
with
K (x− w, z,p) =mΓcJst
kpz
sin
(
pz
2px
kx
)
cos
(
k
[
z − pz
2px
x
])
(S49)
where we used Eq. (S22) for −w ≤ x ≤ w.
The value of Jst has to be calculated self-consistently. This can be done by multiplying Eq. (S47) by η(x) and
integrating over the phase space. The result reads
Jst = N
∫ ∞
−∞
du
1√
2piδ2D
e
− u2
2δ2
D
1− J0
(
ΓcJstτ
2
sin(uτ2 )
uτ
2
)
ΓcJstτ
2
, (S50)
where Jn is the Bessel function of order n [S5].
It is straightforward to see that one possible solution of this equation is Jst = 0. However, we are interested in the
non-zero solution of this equation. Defining jst = Jst/N we obtain from Eq. (S50) the relation
jst =
∫ ∞
−∞
du
1√
2piδ2D
e
− u2
2δ2
D
1− J0
(
Φτ2Γcjst
2
sin(uτ2 )
uτ
2
)
Φτ2Γcjst
2
. (S51)
Therefore, keeping Φτ2Γc and δD constant, a solution jst 6= 0 of Eq. (S51) is independent of N and leads to a
superradiant scaling of the power
P = ~ωκ〈aˆ†aˆ〉 ≈ ~ωΓc
4
N2j2st, (S52)
where ω is the frequency of the laser light that is here resonant with the atomic transition frequency, ω = ωa .
We use this equation to derive the mean-field prediction of the laser power that is shown in Fig. 3 of the main text
as black dashed line. For this we have numerically found the solution of Eq. (S51) for different values of Φτ2Γc and
for fixed δDτ = 0.2pi.
7S 2.3. Pulling coefficient
We will now derive the pulling coefficient from our mean-field equations. The pulling coefficient describes the
deviation of the actual laser frequency ω from the atomic resonance frequency ωa in presence of a small but non-
vanishing detuning ∆. It is defined as
℘ ≡ ω − ωa
∆
(S53)
and is depicted in Fig. 4 of the main text. In order to find an analytical expression for ℘ we need to extend the
description of Eqs. (S29)–(S31) such that they describe the dynamics of the atomic variables in presence of a finite
detuning ∆. Using Eq. (S2) and Eqs. (S18)–(S20) we obtain the following mean-field equations
∂〈s〉
∂t
+
p
m
· ∇x〈s〉 = ξΓc
2
η(x)〈sz〉〈J〉, (S54)
∂〈sz〉
∂t
+
p
m
· ∇x〈sz〉 = −Γcη(x) [ξ∗〈J∗〉〈s〉+ ξ〈s∗〉〈J〉] , (S55)
where s = (sx + isy)/2, J =
∫
dxdpη(x)s, and ( . )∗ denotes complex conjugation. The effect of the finite detuning ∆
is visible here in the imaginary part of
ξ ≡ 1− i ∆
κ/2
, (S56)
and the modified emission linewidth Γc defined in Eq. (S10).
A mean-field solution of Eq. (S54)–(S55) can be parameterized by
〈s〉 =ρ(p)
2
e−iφ(x,p,t) sin (K(x,p, t)) , (S57)
〈sz〉 =ρ(p) cos (K(x,p, t)) , (S58)
with a space, momentum, and time dependent phase φ(x,p, t) and angle K(x,p, t). In the regime of steady-state
superradiant emission we expect that K(x,p, t) = K(x,p) is time independent and φ(x,p, t) is given by
φ(x,p, t) = (ω − ωa)t+ ψ(x,p), (S59)
where ψ is a non-explicitly time dependent phase that the atom acquires when it travels through the cavity. Notice
that this also describes the solution given in Eqs. (S45) and (S46) where we had the special case ω = ωa and ψ = 0
for the resonant case ∆ = 0.
Using Eqs. (S54) and (S55) together with J =
∫
dxdpη(x)s we can find an approximate formula for ω in the limit
where ∆/κ 1. In this limit the solution for ω is given by
ω − ωa ≈ ∆
κ/2
Jst∫
dx
∫
dpρ(p) sin (K (x,p))
∫∞
0
dtη
(
x + pm t
) . (S60)
The pulling coefficient consequently takes the form
℘ ≈ 1
κ
2Jst∫
dx
∫
dpρ(p) sin (K (x,p))
∫∞
0
dtη
(
x + pm t
) . (S61)
The order of magnitude of the integral in the denominator can be estimated by ∼ Nτ in the limit where δDτ  1. The
collective dipole can be estimated as Jst ∼ N . This leads to a scaling ℘ ∝ 1/(κτ) showing that pulling is suppressed
by a factor κτ as mentioned in the main text. The numerical value of ℘ obtained from Eq. (S61) for different values
of Φτ2Γc and fixed δDτ = 0.2pi is shown as the purple dashed line in Fig. 4 of the main text.
S 3. SECOND ORDER TIME CORRELATION g(2)(0)
In this section, we provide supporting evidence that the light field produced by the superradiant beam laser is
second order coherent, i.e. g(2)(0) = 1. Here, g(2)(0) is defined as
g(2)(0) =
〈aˆ†aˆ†aˆaˆ〉
〈aˆ†aˆ〉2 . (S62)
8The expectation value is here taken at the stationary state. In the limit where the cavity field can be eliminated we
can calculate g(2)(0) directly from the collective dipole using
g(2)(0) ≈ 〈Jˆ
+Jˆ+Jˆ−Jˆ−〉
〈Jˆ+Jˆ−〉2 , (S63)
with the definitions in Eq. (S8). We use the c-number Langevin equations in Eqs. (S18)–(S20) with δDτ = 0.2pi and
∆ = 0 to calculate the values of g(2)(0). The results are shown in Fig. S1 for various values of Φτ2Γc and for different
intracavity atom numbers N (see legend of the Figure). We observe that g(2)(0) rapidly changes from g(2)(0) = 2
FIG. S1: Simulation results of the second-order time correlation function g(2)(0) compared to the mean-field prediction. For
each data point, we calculated 100 trajectories each with a simulation time of T = 200 with Φ = 500, τ = 1, and δDτ = 0.2pi.
(chaotic light) to g(2)(0) = 1 (coherent light) at the threshold between the non-superradiant and the superradiant
phase. This behavior can be understood since well inside the non-superradiant phase Jˆ+ and Jˆ− are purely noisy and
therefore we have 〈Jˆ+Jˆ+Jˆ−Jˆ−〉 ≈ 2〈Jˆ+Jˆ−〉2 implying g(2)(0) ≈ 2. On the other hand, well inside the superradiant
regime the collective dipole for N → ∞ is determined by its mean-field value 〈Jˆ+Jˆ+Jˆ−Jˆ−〉 ≈ 〈Jˆ+Jˆ−〉2 ≈ J2st/4.
This gives g(2)(0) ≈ 1. This claim is supported by the simulations with different intracavity atom numbers that show
that for larger N the values of g(2)(0) seem to converge to 1. The fact that g(2)(0) is increasing for larger values of
Φτ2Γc is consistent with the fact that the mean-field value of the collective dipole Jst (see Fig. 3 in the main text) is
decreasing with increasing Φτ2Γc. Consequently, fluctuations introduced by noise are more pronounced with respect
to the mean-field value of the collective dipole and give rise to the deviation from g(2)(0) = 1.
We want to highlight that g(2)(0) ≈ 1 for Φτ2Γc = 20 and δDτ . 0.2pi implies that in vicinity of the optimal
operational regime the superradiant beam laser is second-order coherent. This is important since this is the region
where the laser operates with near maximum output power and near minimum linewidth.
S 4. ENVIRONMENTAL NOISE
S 4.1. Effective acceleration sensitivity, cavity length, and coefficient of thermal expansion
In this section, we show how cavity pulling results in an effective acceleration sensitivity ℘K. We also show that,
due to cavity pulling, thermal fluctuations behave as if the cavity has an effective length L/℘.
Classically, the electric field of a laser with a finite linewidth is
E(t) = E0e
i[ω0t+θ(t)], (S64)
where E0 is the (constant) electric field amplitude, ω0 is the center frequency of the laser, and θ(t) is the laser phase,
which is a stochastic function that is responsible for linewidth broadening.
9For a cavity-stabilized light source, the laser is tightly locked to the peak of a cavity resonance; therefore, θ(t) = φ(t),
where φ(t) is the phase noise due to disturbances in the center of the cavity fringes (caused by environmental noise).
The laser linewidth is given by the full width at half maximum of the laser’s power spectral density SE(ω) [S6], which
for a cavity-stabilized laser is
SE(ω) = 2E
2
0
∫ ∞
−∞
dτ e−i(ω−ω0)τe−
1
2 〈[φ(t+τ)−φ(t)]2〉. (S65)
Here 〈. . .〉 denotes a time average.
In the superradiant beam laser, the phase noise of the output electric field is θ(t) = ℘φ(t), which is suppressed by
a factor of ℘ < 1 (compared to a cavity-stabilized laser) due to the atom-cavity interaction. Consequently, the power
spectral density of the beam laser output is
SE(ω) = 2E
2
0
∫ ∞
−∞
dτ e−i(ω−ω0)τe−
1
2℘
2〈[φ(t+τ)−φ(t)]2〉. (S66)
The time average of the phase can be evaluated with the expression [S7]
1
2
〈[φ(t+ τ)− φ(t)]2〉 = 2
∫ ∞
0
df S(f)
sin2(pifτ)
f2
, (S67)
where S(f) is the noise spectral density of the laser.
For the case of vibration noise in 1 dimension, S(f) = K2Ga(f), where K is the acceleration sensitivity and Ga(f)
is the spectrum of accelerations due to mechanical vibration [S8]. Due to the presence of ℘2 in Eq. (S66), the output
behaves as if it has an effective vibration noise spectral density K2effGa(f), where
Keff = ℘K. (S68)
Meanwhile for thermal Brownian noise, S(f) = GL(f)/L
2, where L is the cavity length and GL(f) is the spectral
density of length fluctuations [S9]. As in the case of vibration noise, the beam laser output has an effective thermal
noise spectral density GL(f)/L
2
eff , where
Leff =
L
℘
. (S69)
Lastly, we consider slow thermal drift of the cavity length. For a cavity-stabilized laser, the output frequency ω is
equal to the cavity resonance frequency qc/2L, where q is the mode order. When the temperature changes, we find
that dω/dT = −αωc, where α = 1L dLdT is the coefficient of thermal expansion (CTE) of the cavity.
For the beam laser, we use the definition of cavity pulling, ℘ = (ω−ωa)/(ωc−ωa), and find that dω/dT = −ωc℘α.
Therefore, the beam laser has an effective CTE of
αeff = ℘α. (S70)
S 4.2. Sensitivity to environmental noise
Ultrastable cavities used to generate narrow lasers are carefully engineered to be insensitive to vibrations. They are
mounted with vibration cancelling schemes, housed inside acoustic shields, and set up on vibration damping platforms.
The record best cavity-stabilized laser has a vibration sensitivity on the order of K ∼ 10−13/(m/s2) [S10].
Meanwhile if one were to design a simple cavity mounted on a V block and ignore vibration isolation completely,
the vibration sensitivity of the cavity resonance would be on the order of K ∼ 10−9/(m/s2) [S11]. However, in the
case of the superradiant beam laser, because of cavity pulling, the effect of this vibration on the laser output is given
by ℘K ∼ 10−13/(m/s2), where ℘ = 0.004 (as in the main text). Therefore, with regard to environmental noise, a
minimalist cavity in a beam laser could be competitive with the record best ultrastable cavity achieved to date.
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A common approach to reducing thermal noise is to operate with longer cavities, which have been made as long
as half a meter [S12]. It may be difficult to make cavities considerably longer because larger cavities have greater
acceleration sensitivity. However, a compact 3 cm long cavity used in a superradiant beam laser has the thermal noise
of a cavity with the effective length L/℘ = 7.5 m.
In addition to vibration and thermal noise, many cavities deal with drift on long timescales. A major contributor to
drift is thermal expansion of the cavity when its temperature changes. To determine the thermal expansion, a good
model of the CTE is
α = A(T − T0), (S71)
where A ∼ 1× 10−9 K−2, and T0 is the zero crossing temperature [S13]. In ultralow expansion glass (ULE) cavities,
T0 is typically engineered to be near room temperature, and the cavity is then temperature controlled to T0. However,
even a 10 µK fluctuation away from T0 causes a change in the cavity resonance of −A(ωc/2pi)T × (10µK) = 1.5 kHz
(where T = 300 K), which is a challenge because it is orders of magnitude larger than the laser linewidth.
Cavities for simpler applications often use Invar, which is easier to work with than ULE. For small fluctuations
about room temperature, Invar has a CTE of α ∼ 1 × 10−6 K−1. This is treated as constant since it does not have
a zero crossing at room temperature. Standard temperature control can achieve 1 mK level stability without the
addition of heat shielding; therefore, an Invar cavity that is modestly temperature controlled can achieve the same
thermal drift rates as highly temperature stabilized ULE cavities.
S 5. SAMPLE DESIGN CONSTRAINTS
In this section, we give two examples of sample experimental parameters that are consistent with the production
of ultranarrow linewidth laser light within our presented theoretical framework. We have chosen as our examples the
2pi × 400 Hz transition line of 40Ca and the 2pi × 7.5 kHz transition line of 88Sr, respectively. In order to emphasize
the potential simplicity, we consider here the most direct implementation, i.e., a hot atomic beam, a single mode
cavity, and a simplified model of the atom delivery system where transverse collimation or transverse laser cooling is
implemented but no longitudinal cooling is assumed. On the other hand, we recognize that in a real device, transverse
cooling, velocity selective techniques, or alternative beam delivery approaches, might be employed in order to more
easily satisfy the Doppler constraint and enhance the effective atomic beam flux through cavity mode. In the case
of a more sophisticated design choice, the parameters may be considerably more favorable than the numbers we give
here for a simple configuration. However, the constraints Φτ2Γc > 8 and δDτ = k∆vzτ < pi must always be satisfied
in order to realize CW superradiant emission with linewidth in the ultranarrow regime, which is a principal point of
our proposal.
S 5.1. First Example: 2pi × 400 Hz Line of 40Ca
Transition Rate Γ 2pi × (400 Hz)
Effective Beam Rate Φ 6.1× 1014/s
Transit Time τ = 2w
vL
0.81 µs
Intracavity Atom Number N = Φτ 4.9× 108
Transverse Velocity Threshold ∆v = λ
2τ
41 cm/s
Minimum Linewidth Γc = ΓC 2pi × (8 mHz)
Peak Power Pmax ≈ 0.7Φ~ω 0.1 mW
Cavity Pulling ℘ 0.004
TABLE I: Sample model parameters for the superradiant beam laser utilizing the 2pi × 400 Hz transition line of 40Ca.
For the Ca case (see Table I), we consider a hot oven operating at temperature 842 °C, which gives an out-of-
oven beam rate Φ0 ∼ 1019 /s. As the atomic beam propagates from the oven to the cavity, we assume that no
longitudinal cooling is used, so the mean longitudinal velocity is well approximated by the mean Maxwellian velocity
as vL = 765.9 m/s. In the transverse direction, laser cooling or velocity selection is needed to restrict the transverse
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Doppler width to below δD = 2pi×0.6 MHz (∆vz = 0.41 m/s), in order to operate below the critical Doppler threshold
discussed in the main text. Prior to the atomic beam entering the cavity, the atoms must be optically pumped into
the excited electronic state. We estimate that for this situation, the effective beam rate entering the cavity should be
of order Φ = 6.1×1014/s. We choose cavity parameters by considering a lossy cavity of length L = 3.3 cm, beam waist
w = 0.31 mm, and finesse F = 22.8, which corresponds to a cavity decay κ = 2pi× (197 MHz) and cavity cooperativity
C = 2× 10−5. Given these parameters, our calculation predicts an output field of power 0.1 mW and linewidth of the
order 10 mHz. Meanwhile, κτ ≈ 1000 gives a cavity pulling ℘ as small as 0.004 as shown in Fig. 4 of the main text.
S 5.2. Second Example: 2pi × 7.5 kHz Line of 88Sr
Transition Rate Γ 2pi × (7.5 kHz)
Effective Beam Rate Φ 1.2× 1013/s
Transit Time τ 1.3 µs
Intracavity Atom Number N 1.6× 107
Transverse Velocity Threshold ∆v 26 cm/s
Minimum Linewidth Γc 2pi × (150 mHz)
Peak Power Pmax 2.5µW
Cavity Pulling ℘ 0.004
TABLE II: Sample model parameters for the superradiant beam laser utilizing the 2pi × 7.5 kHz transition line of 88Sr.
For the Sr case (see Table II), we consider a similar experimental design to the case for Ca. The oven operating
at 650 °C gives a Φ0 ∼ 1018 /s and vL = 469.8 m/s. The required Doppler threshold is δD = 2pi × 0.4 MHz (∆vz =
0.26 m/s), and the required effective beam rate is Φ = 1.2 × 1013/s. Considering a cavity of length L = 6.0 cm,
beam waist w = 0.31 mm, and finesse F = 20.8, which corresponds to κ = 2pi × (121 MHz) and cavity cooperativity
C = 2× 10−5, we calculate an output field of power 2.5µW and linewidth of the order 150 mHz. Since κτ ≈ 1000, we
predict a cavity pulling coefficient of ℘ ≈ 0.004.
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